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Hybrid method for estimating the number of components
in a finite mixture of normal distribution
from length frequency data to age composition

Hiroshi Snono' f

To discuss the problem of estimating age composition from length-frequency data in a finite normal mixture distribu-
tion, I introduce a hybrid method for estimating the number of components in the full model without limitation and a
structured model with relationship among unknown parameters. The computational procedure was expressed in four
steps and statistical interpretation/significance of the hybrid method suggested by Eguchi and Yoshioka in 2001. The
hybrid method was applied to the well-known length-frequency data for yellow sea bream, Dentex hypselosomus. The
computer simulation experiment estimated the number of components in the finite normal mixture model whose proba-
bility density function resembles a log-normal distribution. Results showed that the selection performance of the hybrid
method for choosing the true model was superior to traditional methods such as Akaike’s information criterion (AIC)

and/or Baysian information criterion (BIC).
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mine, 1987).
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A= MWL, EFVIIB BRHST A — 5 OifsE
EMRZET S L) KT % > (Tanaka and Tanaka, 1990;
Wi, 1997).
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Leroux (1992) &, XELEREICRF VT 4 HZAFT
A 728144 E i (penalized maximum likelihood meth-
od) IZXBHEEEFILEL TS, UL, MEOCERK
D (=2) BiZRFNVTF 4 HE T IMA R
P(6, m)=—2log L(0|X)+2a,,,=—2/(0| X)+2a,,, (3)
(7z72L. a,,da,,>0,4a,.,,>a,,,(a,,/n) =0 (@Hn—=>x°)%
W7z T EEH L L, LITUERERT) I2X0, Ro8m
D e 1 m Fe/MUEBE min, {min, P} OffF & L TRD LT
BThHb.
(3) RORF VT 4 HOFREIZL D, HEOEHRHLE
VERHUTX S,

3m-1 (AIC)
a, , =1 3m—1)log(n) BIC) 4)
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Wiz, (3) ROEIC L Y BIARMICESBL S L5 Bayes Bl
ETNVIEOVTRABT S, a,,=logpla) (7272 La=(ay, ...,
a,) LB LY, ABREAERS A ORE HHEAS
XY BB p,, () BT AND Z EDWREE b, £
72, MDIXNT A =5 OPWNIRAHECE O L FETH
5. FEBE, aDFRIHAIIIINT B FBSAIE, ARG
BRGSO L FHismMo, $42bb TR (5)
TEREND. 4B, ZOBayesHEFNVIZ 4) KDBIC
LWRRDLZLIHEEILETHD.

P(e ‘ X) = {H [Z ajf(‘xi |ﬂ/305)‘|}pmn(a) (5>
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R LR WZ EERLTWA., LAaL, Wiz #k
DRI OV TIEFE R L TR Wned, itz —
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Leroux (1992) D&i4AF & UM % B/ Bk 2
W LT, /i EED: (minimum distance method; Henna,
1985) R &) &A; 2 fe/hiEED: (penalized minimum distance;
Chen and Kalbfleisch, 1996) 7z E23Z81F 5N 5 %%, 4
SR LEICHRTHFIENTWE LIZEZ WD, A

TIIAWET S, INHOTELZOAREAMICBT
BHIXTER 8T A — FHEEFEDFEIT DOV TIE, McLach-
lan and Peel (2000) IZREF SN TV
HREEDHICBETBINIA—EHWEDEDDONAT ) Yy
Ni&

Eguchi and Yoshioka (2001) 1%, 7 V&5V D555k E
BT 2R BOGEE BB O B R 20 3R B O RE Z T 5
72Dl JIVETNEEETVOMSZREG S/
REETNVIIBITEH LS, BLUNTX—FHEE
B (AN A 7))y FIEEER) 2% L7z, 22T, K
HiClENA 7Y v BT X 25 FIHIC D W T Eguchi and
Yoshioka (2001) (Zfévy, HRIEBESGE TV & T
4D D step lZ43T THPRIZHBRS.

Step-1 : Wi € 7NV H: 0=0) D F T, WmALHEIZL Y XS
X — 5 OHSEMOE) KD B, 72721, AIMEHEET VO
NG A—=F R PV EERT. ZOTX AIEEET VIS
BUFAENGA—sHEETIHEELFMETH L. —BITIED
B0, WEMBT — & O FRICB T, IEBRAS
M DA B EE L, TR F % von Bertalanffy O B K
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(72721, fIEIEMSAT OB E F£T)
L, (10), (11) K i%h%hww&rwa%ﬁ%?
VOEER YR,

0, (50, = f (x 1,0%) = exp -
J > J 77T \/271:0_?

Step-3: 7 T AN F—3 3 ¥ (CV: cross-validation) (F
SEEP R 7 1 AN 7 — 3 3 » (ACV: approximate
cross-validation)) 12X 0, Step-2{Z B A2 INEFEOE S
REDDF 22—V TG A=F ) D%k RD 5.

/“:=arg min,_,., CV(4, m) (or arg min,_,_; ACV(%, m)) (12)

TF=F %I v AGELTTFHNELIT) 70 AN F—
TaviZBLT, &7 =258 % oBE k) (=1,
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KOEPW % I L 2/MEBH ST 5
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Step-4 : FZICTX (14) orzoanN)F—=vary, b L
SIWFEPWZ 7 a AN F—2 g 12X, K5¥moik
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Figure 1. Probability density function of normal finite mixture distribution used for the computer simulation experi-
ment, modified from Shono (2006). (a): Plot of 4-component normal mixture densities shown in Eq. (19), (b):
plot of probability density function in each normal distribution.

Step-4 T @ 3T B 1& GIC (generalized information criterion:
Konishi and Kitagawa, 1996) % 22 Z L 12 X 1) AT #E
Th5b. GICITMMEIIILBEEUIIE DWW TIE S N2
BHETH ), ARIEBIRG M & & CHEREERAROL &
(21X AIC Z M % AL L 72 1% i BLHE T & % TIC (Takeuchi's
information criterion: 7PN, 1976) & GIC & 23—39 %729,
TIC TRHWTHEE 72 5.
BET—INOEREYIaAL—Y 3 KR
WA, BX%F 5 A (Dentex hypselosomus) DR
=% (i, 1956) VT, N 7Yy FEEICEDA
FRIEBLR A0 OB LK ERGADINT A —F
CE¥H Lo, REER) offetit- 7.

COFRFTAT— 5 ~\O#\EDWABTIIH 8% EE L
72 E % <, Bl 21 Akamine (1987) TG H%E S &
BELTW525, TORFICOVTEEMmL T awn. K
T T O 2 IRE LT, Wb ZH737 A —
FHEERATH 72,

wO=(IL oo, K, 10)=L oo [1—exp[—K(1=1))]} (15)
(*F-#4 —von Bertalanffy & £3X)
a()=a*(tlc, p)=c {u(1)}” (16)

(I —FH DR &)

0,(0)= 0t | K) = exp(—ikt)| S exp(-itt) 47)

i=1

(RAE I 2O
(2R LERRBAERRIIBIT 2BV EDOEGVE LTINS
A—FThH5bH)

mEN (K550 (18)

EARGE L, Eguchi and Yoshioka DA 7Y v F{C X % i
HEfTo72.

KIZ, BAOEP4THY, —HLIEZAH%%DIERS
HOBANHEL L, 12OMBIERTHADOLHITHZ S
(19) KDOEFV 2 SHEE % 100 054 2T, B $om
AL IELLHEES NS RIEZFR L.

Xy, ooy X, ~(i.i.d.).g(x)=0.4f(x|10,5)+0.3f(x|14,6)+0.2/(x|19,7)
+0.1/(x|25,8) (19)

(7272 L fxlu, o) P30, 5386 W2AE 9 IEBLG AR 00 % BE B
¥aFEL, AR50 ERELR)

Figure 112 7V OS5 B L O 4 O IEH 546
ZENQEE LHREEREERT. ZonNt 7)) v Fik
DAL TEEBRSAOFHB LS HICHT S
(15), (16) RXOBEXIREL TVEH, F514 0B LI
2720 (17) XOBRAEWRICHT2HFZMEH L T,
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FFALTFT—=F~NDONAL Ty FEOBHEHTIE, TiioHE
fEAS S 7z,
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INERRT S EFE 2D LI hD, WASHOAES
THEEET VIS CIEBGA O T A =5 b &0, 2k
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Figure 2. Fitting of the hybrid method to the length-frequency

data for yellow sea bream, Dentex hypselosomus (Tanaka,
1956).

Table 1. Values of each information criterion in the length-fre-
quency data for yellow sea bream, Dentex hypselosomus
(Tanaka, 1956). Numbers in bold type show the minimum
value in each criterion. # of comp. means the number of
components. (—2)XMLL: 75342.0, AIC: 75376.0, BIC:
75472.6, Bayes-type: 75371.6.

# of comp. 3 4 5 6
(=2)XMLL  75479.6 75367.6 75351.6 75342.0
AlC 75495.6 75389.6 75379.6 75376.0
BIC 75556.0 75472.6 75485.2 75504.4
Bayes-type  75486.6  75379.6  75371.6  75372.2

(maximum log likelihood (#% K xf 0  BE) @ &F 412 1Z MLL
% (=2) BLBUEZRMER) L) 4o 0BLHEIZIEDNWT
fTo72. TRNHDI/EDEIZTable 1D X H 2%, (—2)x
MLL & AIC Tix 6, BIC Tld4, BayesfIJHHETI1x5, &4l
I3 2 G BLAELC X ) HEE S NI B R e B AR DS
Boh. —F, N A7)y FETRAERIEBES O
R AT EHEE SN2z, FROMPUIIEEZ BT
5.

B, TOXFTAT—5 % HTEBEE T 72058
(B3, 1960; Oki and Tabeta, 1998) 1ZB1F %l EX O E
R, B (1956) 2SR 5 L EE L TR L 724
RGO OHEEME L SHFALTBY, EWENLR
BEPORDEE 4L TREDE ) PIREFRORMLEDH 5
(IEEA, 2007).

WU, Fig | OB o O EZFMH L TEH
BBE T2 Ialb—3 g VEBROREE (F¥,
2006) ZMAMNTH. T TIIEAREZ 300035 X 087000 &
L, MLL® (-2) f% AIC, BIC, Bayesf & 94
DOOEREREIZI D, B R LI 100 DEEEIEERICS
W, B4 Y 2 HPHIE 2256 LR E) &IE

Table 2. Result of model selection for MLL (maximum log-
likelihood), AIC, BIC and Bayes-type information criterion
based on the computer simulation experiment used in the fi-
nite mixture of normal distribution (Shono, 2006). Bold
type shows the maximum number in each criterion. # of
comp. means the number of components.

Case-A: sample size-3000

# of comp. 2 3 4 (true) 5 6
MLL 66 1 33
AIC 920 9 1
BIC 11 89

Bayes-type 5 94 1

Case-B: sample size-7000

# of comp. 2 3 4 (true) 5 6
MLL 93 7
AIC 98 1 1
BIC 2 98

Bayes-type 100
LHEE SN M Z R L 72,

Bayes BU#ETIE, RBAILEOFHA 54 & L T Dilichlet
ain

r(e)=c ﬁ a;.”z (20)
-

m—1

(7272 L =T m/2)m"™, a=(ay, ..., ay), ay=1 -2 0 &5 <)

1

ZRM L7, Zhi, Dilichlet 54

Iy g w
ﬂam=(§:1JI]J4 (1)
[T, r®)

(7272 Lp=B,, ... ) T 5)

B WTB=p,==p,=12 L& L 72 EIEHRFA 54 Td
L0, OB T X — ¥ % R Bayes i R # Bk Bayes i 72
X VHEET LI EDWERETH L. #HiRid, Table2?D
EBYTH 57D, Bayes HIHlHER AIC, BICZ IV/-EHD
R B A ORI, AR E WIEAIIIER
TWwb., ZOHTHEICBayes IHEDEIRN T + —< »
ADEL, HTRTHRID»HELWAAIZBWTH BRIFTH
% (FEEF, 20006).

SIS LT, N7y FETIE LW E #5508
74— Y A%, Bayes RIBLHE & FLI L TR &) BEAL
PR 720, BEAREE 250128 E LTl L 100 D#E D
WL ZFOREEERE T2, ZOME, N Ty R

— 119 —



HE B

Table 3. Result of model selection for hybrid method based on
the computer simulation experiment used in the finite mix-
ture of normal distribution. Bold type shows the maximum
number in this method. # of comp. means the number of

components.
# of comp. 2 3 4 (true) 5 6
Hybrid-type 2 97 1
Bayes-type 10 80 10

LEOBEOR G4 ZERE VD BIRST + —< » Z1297%
&7 0, BayesBIHHED 80% & IRTIEHIZH L o TW
% (Table3). X512, fEHREHEOT CHREI—-FR
Bayes BIBLHEIZ BT, BEAREAT3000 DG 12O K55
4% BIRT HIEEDUM% TH LD L, N4 7)Y v Nk
T, BEARAN250 L P wETHIE L wikg k4 %%
SHERHIT% LT LA, EBRIZI D RENTWS,

zZ =

MHOBEEZBRETHE, TVEFLVERBEET VLS
/7247 v F (Eguchi and Yoshioka, 2001) 12X %
HRR G5 D/XNT A —F g T, BmoAz 535
AREBRICBVWTOIE LW B E #IRT 587 +—< ~
AH, AIC 7 EDOTEWMAEBLAEI L B ZNICHRTHEL, *E
HMTH 5. FHC, KEGHFIZBU L REMEOF 5 H
T, fAEOREMBRZ EOFHTE 2R85B T 2 15k
%L, IEBGAONBEDZ YL G T, Z 0@
PIZIEWEEZBND.

RIS TREINA 7Y v FEIS & 2 B e ok % &
bETWDLY, TOHEFIZOMDIT X -5 (FEET
NDIST X — 7 REIEEF N 2 E L CHEE SN D BIERS
ADINTA—=%) ODHZBIZHENTH D, FEB, N4 T
)y FEECHEE SN F 7 4 OREHRICE T 2 HBRIER
REGAOBEERBOBNT— 55BN A NT T
DR AU TIIED (Fig.2) 20HWiT 5 &, B
DS DOBIERGAGICET 5835 2= H R HETRT-T
WA 720, BB E RSO INT X =5 % 2Ok THE
ETAHILEY, EHEOMBEIALZVWEEZLNS.

—J, BHTICBT 5 —FOHEIRGBHEED2D,
A7)y FIECTHRGEEREREL, ZOBIIED DI/XT A —
Y% (WO BEEELE) 7VEFVRHEET IV CHE
FTHIELARBEWNEEDND., JVETVOLEITIE, WK
SR L CRAHEER OB 2 EE THh 5 — 5
B L OWHEIERMEDL ) 37270, &) SHEOGEE O #
BRDLFECITRNT L EE M5 2 L2 TH L.
EETNTIE, /8T A—FHEEEOREmIHML, LD
FWRRET) VI ERE D, ZOWNBLEDBE % 5
5 FVISERT 2 ME, Bokrfe s sBIcAaE L 57

M

O, WHBEBRELELEOMEET VR I VET VT
F, BREIREFHL IR DI

COXHI, WAEUANDINT A= S HEEIINA T
FETHREET VR I VET VL D RLETHIHET
HoH. 2612, X ) OFHM EHNEBEBICEH LT,
Fa—Z Y TIRG A= F DD ITE VAL E
TNV, OIZIEWEGAIZIE 7 VETVERHL, Fnlst
OB RMEOEEIIEINA 7T v FIETHET A2 LD
BEMHEBbNL, Tz, /8T X — 5 OFHERE DT 12
DV, FEEET VR T IVET WIS {4121 Fisher
TEHATHIOFHENRTEETH Y, A7) vy FiEEFHT 2
%1213 Bootstrap i 72 EEBRN 2 FLEO@ER %4 & &
ZAbhab.

BB, M7y FEREEOMEETVTIE, REL
7 M 7% @ mis-specification D BN K X VW Z IZHRE DA
C2WEENFET S, #lziX, KEX L L TGompertz
R D 3 2 E L 7275, von Bertalanffy Hi#i O J5 2524 C
BEOVRRWEERETH A, 2O X9 % mis-specification
2B CodITiE, ISR %8 AT 5 Step-1 DELRE T,
Bl & 22 VO D OMEER VTR EIZ L 2787 X —
FHEEEAT, BERED L CIFAIC & E DR HAED
EX T2 ENFRTHL. LI, TNHLBEEOM®
Wil MEOERE, Fa - N TA=IBLY
KB m DR EERETEDLLI L LHY ) H72%, Step-4
DRTHICHESNIZ2E mOEZFIH LT (Step-21235
F5) B EUEREEE RS, KT L LAEHTH
5.

BB, COFRIIIRGICEETD Y, il Sy r—
VRPN Y 7 by 2 T B ERED LA TH L FRIC
Step-3 3 & UStep-4). FEH I NA TV v FEDOMHTIC
Mathematica Ver.7 3 & O Ver. 8 (Wolfram Research Inc.) %
7228, BEABD L WIS RERMEZZEL, G
BHRTIEEF-oTLE) 2L BE LN 20720, &
SRLERDIZOIEINA T v FEOT VT X4, H
12 Step-38 £ UStep-4 THW SN LEP R 7 1 A3
7 — 3 a ¥ (approximate cross-validation: ACV) @ J5 i fii
ORFEBIURRLEALET, it Sy 7r— I s
VI N7 EERFALEEEROBEMME, b LI
EREICL 2TV —F MR END.

E

AT BT B2 HBRIEBIR G54 D85 2 — & g, FEC
W BB LT L Okl CICBI S 2 Wiz 72wz,
ABRRA DB 20 BiEEd: O 7Yy Fik) o
PEH TH AR PRI e L EaE L B X OE L
FERFHIHE NP, BOEHoOEEERT L. A&
HARXAYPNETE3oEEED T 2 IZE L BFLE L LY
5.
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